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Abstract
With the use of the world-line formalism, the heavy-quark condensate in the SU(N)-QCD is evaluated for the
cases when the next-to-1/r term in the quark-antiquark potential at short distances is either quadratic, or
linear. In the former case, the standard QCD-sum-rules result is reproduced, while the latter result is a novel
one. Explicitly, it is UV-finite only in less than four dimensions. This fact excludes a possibility to have, in
four dimensions, very short strings (whose length has the scale of the lattice spacing), and consequently the
short-range linear potential (if it exists) cannot violate the OPE. In any number of dimensions, the obtained
novel expression for the quark condensate depends on the string tension at short distances, rather than on the
gluon condensate, and grows linearly with the number of colors in the same way as the standard QCD-sum-rules
expression. The use of the world-line formalism enables one to generalize further both results to the case of
finite temperatures. A generalization of the QCD-sum-rules expression to the case of an arbitrary number of
space-time dimensions is also obtained and is shown to be UV-finite, provided this number is smaller than six.
1 Introduction.
One possible way to evaluate the quark condensate is to deduce it from the (one-loop) quark self-energy (i.e.,
the averaged one-loop quark effective action), since these quantities are related to each other by the following
formula:
〈
ψ¯ψ
〉
= − 1
V
∂
∂m
〈
Γ[Aaµ]
〉
. (1)
Here, V is the four-volume occupied by the system, m is the current quark mass, the average 〈. . .〉 is defined
with respect to the gluodynamics action in the Euclidean space-time, 14
∫
d4x
(
F aµν
)2
, where a = 1, . . . , N2 − 1
and F aµν = ∂µA
a
ν − ∂νAaµ + gfabcAbµAcν stands for the YM field-strength tensor. For the spin- 12 quarks, the
one-loop quark self-energy
〈
Γ[Aaµ]
〉
reads [1] (see [2] for a recent review):
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〈
Γ
[
Aaµ
]〉
= −2
∞∫
Λ−2
dT
T
e−m
2T
∫
P
Dxµ
∫
A
Dψµ exp

−
T∫
0
dτ
(
1
4
x˙2µ +
1
2
ψµψ˙µ
)×
×


〈
trP exp

ig
T∫
0
dτ (Aµx˙µ − ψµψνFµν)


〉
−N

 . (2)
Here, Λ stands for the UV momentum cutoff, the subscripts P and A imply the periodic and antiperiodic
boundary conditions of the respective path-integrals, ψµ’s are antiperiodic Grassmann functions (superpartners
of xµ’s), and Aµ ≡ AaµT a with T a’s standing for the generators of the SU(N)-group in the fundamental repre-
sentation,
[
T a, T b
]
= ifabcT c, tr T aT b = 12δ
ab. 1 We have also adopted the normalization conditions 〈Γ[0]〉 = 0
and 〈W (0)〉 = N , where
〈W (C)〉 ≡
〈
trP exp

ig
T∫
0
dτAµx˙µ


〉
(3)
is the Wilson loop with the contour C parametrized by the vector-function xµ(τ).
To evaluate the path integral (2), a certain Ansatz for 〈W (C)〉 should be implemented 2. In ref. [4], the
Vacuum Correlator Method (VCM) [5, 6] (for a recent review see [7]) has been used for a parametrization of
the Wilson loop. This Ansatz enabled one to find a relation between the short-distance asymptotics of the
two functions, which parametrized the two-point gauge-invariant correlation function of the YM field strengths
within the VCM. The aim of the present letter is to explore the heavy-quark condensate by the same world-line
method, but for various forms of the next-to-1/r term in the short-distance quark-antiquark potential. While
VCM predicts this form to be quadratic [6] (that, as we shall see, yields the QCD-sum-rules expression [8] for the
heavy-quark condensate), numerous discussions have recently been made in favor of the linear form [9, 10, 11].
A naturally arising question is then: what is the expression for the heavy-quark condensate in the case when the
leading next-to-1/r term in the short-distance potential is linear? An answer to this question for an arbitrary
number of space-time dimensions will be obtained in the next section. Besides the direct physical application
in 2d and 3d (the latter of which will also be important for the finite-temperature analysis), an interest to the
generalization to an arbitrary number of dimensions is that the condensate turns out to be logarithmically UV
divergent in 4d. This result means that the short-string thickness (that plays the role of the inverse UV cutoff)
cannot be as small as the lattice spacing, but should rather be comparable with the vacuum correlation length.
In another words, had strings with a length comparable with the lattice spacing existed, this would lead to an
UV divergency of the heavy-quark condensate, that cannot be the case. In the language of an effective gluon
mass [10, 11] this fact means that a tachyonic gluon mass vanishes in the UV regime, and OPE is not violated
by short strings (since the latter cannot be “very short”).
The letter is organized as follows. In the next section, we shall start with the evaluation of the heavy-quark
condensate in four and further in arbitrary number of dimensions, for the quadratic form of the next-to-1/r
term in the short-distance potential 3. In section 3, the analysis in an arbitrary number of dimensions will
be extended to the case of the linear form of the short-distance potential. In section 4, the finite-temperature
generalizations of both results will be derived in 4d. Finally, in Summary section, all the obtained results will
be summarized.
1Note that the sign “+” at “ig” in eq. (2) differs from that of ref. [2] and stems from the definition of the covariant derivative
Dµ = ∂µ − igAaµT
a, that itself is unambiguously related to the above-presented definition of F aµν .
2In what follows, we mean by 〈W (C)〉 that part of the full Wilson loop, which generates terms starting from the linear one in
the quark-antiquark potential. The Coulomb term yields the multiplicative renormalization of the loop (see e.g. ref. [3]), and the
so-appearing renormalization factor is supposed to be included in the definition of the path-integral measure in eq. (2). The same
concerns other possible (nonperturbative) 1/r-terms in the potential, e.g. the Lu¨scher term.
3Clearly, in 4d, the QCD-sum-rules result will be reproduced.
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2 The heavy-quark condensate in the case of quadratic form of the
next-to-1/r term in the short-distance potential.
Let us start with the analysis of eq. (2) in 4d. As it has been discussed in ref. [4], all the gauge-field dependence
of eq. (2) can be reduced to that of the Wilson loop (3). That is because (as it has been shown e.g. in ref. [12])
the spin part of the world-line action can be rewritten by means of the operator of the area derivative of the
Wilson loop as follows:
〈
trP exp

ig
T∫
0
dτ (Aµx˙µ − ψµψνFµν)


〉
= exp

−2
T∫
0
dτψµψν
δ
δσµν(x(τ))

 〈W (C)〉 . (4)
Next, the volume factor V becomes extracted from eq. (2) by splitting the coordinate xµ(τ) into the center-
of-mass and the relative coordinate [2] as xµ(τ) = x¯µ + zµ(τ), where the center-of-mass is defined as x¯µ =
1
T
T∫
0
dτxµ(τ). The empty integration over x¯ then obviously yields the factor V .
Further, the Wilson loop (3) can be rewritten by virtue of the non-Abelian Stokes’ theorem and the cumulant
expansion as follows (see e.g. [7]):
〈W (C)〉 ≃ tr exp

−
1
2!
g2
4
∫
Σ[C]
dσµν(z)
∫
Σ[C]
dσλρ(z
′) 〈〈Fµν(z)Φ(z, z′)Fλρ(z′)Φ(z′, z)〉〉

 , (5)
where Φ(z, z′) ≡ P exp
(
ig
z∫
z′
Aµ(u)duµ
)
is the phase factor along the straight line, and 〈〈OO′〉〉 ≡ 〈OO′〉 −
〈O〉 〈O′〉 is the two-point irreducible average. To get rid of the artificial Σ-dependence of the r.h.s. of eq. (5),
that is due to the neglection of irreducible averages higher than the quadratic one (the so-called bilocal or
Gaussian approximation 4), Σ is usually chosen to be the surface of the minimal area for a given contour C (see
ref. [7] for discussions). It is also worth commenting that the factor 1/2! in eq. (5) is simply due to the cumulant
expansion, whereas the factor 1/4 is due to the (non-Abelian) Stokes’ theorem with the usual agreement on the
summation over all the indices (not only over those, among which the first one is smaller than the second, used
in ref. [6]).
Next, the typical heavy-quark trajectories are small in a certain sense. Indeed, the free part of the bosonic
sector of the world-line action reads
Sfree = 1
4
T∫
0
dτz˙2µ(τ) +m
2T =
1
2
T∫
0
dtz˙2µ(t) +
m2T
2
.
Here, in the last equality we have performed a rescaling τ = t2 , T
old = T
new
2 . Among all the reparametrization
transformations of the contour, t → σ(t) with dσdt ≥ 0, let us choose the proper-time parametrization t = sm .
Here, s is the proper length of the contour, so that T = L/m, where L =
∫
ds ≡ ∫ σfin
σin
dσ
√
z˙2µ(σ) is the length
of the contour. Within this parametrization we have
∫ T
0 dtz˙
2
µ(t) = m
∫
ds
(
dzµ(s)
ds
)2
= mL, since
(
dzµ(s)
ds
)2
= 1
by the definition of the proper time. Therefore Sfree = mL, implying that the typical heavy-quark trajectories
are such that L < O(1/m).
For so small contours, we may use the following parametrization for the bilocal irreducible average (cumu-
lant):
4The symbol “≃” in eq. (5) is implied in the sense of this very approximation.
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〈〈Fµν(z)Φ(z, z′)Fλρ(z′)Φ(z′, z)〉〉 = 1ˆN×N
12N
tr
〈
F 2µν
〉
(δµλδνρ − δµρδνλ) , (6)
and also approximate
∫
Σmin
dσµν(z)dσµν(z
′) = 2S2min by Σ
2
µν , where Σµν =
∮
zµdzν is the tensor area of the
contour C (see e.g. ref. [3]) 5. The Wilson loop then takes the form [6]:
〈W (C)〉 ≃ N exp (−CΣ2µν) , (7)
where C ≡ g296N
〈(
F aµν(0)
)2〉
. The quadratic surface dependence of − ln 〈W (C)〉 means that the leading next-
to-1/r term in the short-distance quark-antiquark potential, one gets within the VCM, is also quadratic.
The intermediate expression for the heavy-quark self-energy (2) then reads:
〈
Γ
[
Aaµ
]〉
= −2NV
∞∫
Λ−2
dT
T
e−m
2T
∫
P
Dzµ
∫
A
Dψµ exp

−
T∫
0
dτ
(
1
4
z˙2µ +
1
2
ψµψ˙µ
)×
×

exp

−2
T∫
0
dτψµψν
δ
δσµν(z(τ))

 exp (−CΣ2µν)− 1

 . (8)
In order to proceed with the evaluation of this path integral, it is useful to linearize the Σ2µν -dependence by
introducing the integration over an auxiliary antisymmetric tensor field. Since Σµν depends on the contour as
a whole, this field will crearly be space-time independent. Namely, we obtain:
exp
(−CΣ2µν) = 1(8piC)3

∏
µ<ν
+∞∫
−∞
dBµνe
−
B2µν
8C

 exp(− i
2
BµνΣµν
)
.
Further, due to the (Abelian) Stokes’ theorem BµνΣµν =
∫
Σ
dσµνBµν , and we have:
exp

−2
T∫
0
dτψµψν
δ
δσµν(z(τ))

 e− i2BµνΣµν = exp

i
T∫
0
dτBµνψµψν − i
2
BµνΣµν

 .
We have therefore reduced the problem of evaluation of the heavy-quark self-energy in the YM field to the same
problem for the electron in a constant field Bµν , which one should eventually average over. Indeed, eq. (8) takes
the form:
〈
Γ
[
Aaµ
]〉
= − 2NV
(8piC)3
∞∫
Λ−2
dT
T
e−m
2T

∏
µ<ν
+∞∫
−∞
dBµνe
−
B2µν
8C

×
×


∫
P
Dzµ
∫
A
Dψµ exp

−
T∫
0
dτ
(
1
4
z˙2µ +
1
2
ψµψ˙µ +
i
2
Bµνzµz˙ν − iBµνψµψν
)− 1
(4piT )2

 . (9)
The expression in the curly brackets here is the famous Euler-Heisenberg-Schwinger Lagrangian which reads
(see e.g. refs. [2, 13]):
5Note that the equality of Smin to
√
1
2
Σ2µν is exact only when C is a flat contour located in the (µν)-plane. However, being
used for the evaluation of the path integral (2) in the case of small enough contours (see the discussion above), this approximation
will be proved to work perfectly, since in 4d it reproduces the QCD-sum-rules result.
4
{. . .} = 1
(4piT )2
[
T 2ab cot(aT ) coth(bT )− 1] . (10)
Here, the standard notations have been used [2]:
a2 =
1
2
[
E
2 −H2 +
√
(E2 −H2)2 + 4(E ·H)2
]
, b2 =
1
2
[
− (E2 −H2)+√(E2 −H2)2 + 4(E ·H)2 ]
with E = i (B41, B42, B43) and H = (B23,−B13, B12) [Bij = εijkHk, B4i = −iEi] being the electric and
magnetic fields corresponding to the field-strength tensor Bµν .
Next, due to the factor e−m
2T in eq. (9), only small values of T are sufficient in the heavy-quark limit, and
eq. (10) can be expanded in powers of T . The leading term of this expansion, which in the expansion of the
fermionic determinant corresponds to the diagram with only two external lines of the Bµν -field, stems from the
following formula:
T 2ab cot(aT ) coth(bT )− 1 = T
2
3
(
b2 − a2)+O (T 4(E ·H)2) = T 2
3
∑
α<β
B2αβ +O
(
T 4
(
B2µν
)2)
. (11)
Note that since T ∼ m−2 and, owing to eq. (9), B2µν ∼ g
2
N
〈(
F aµν(0)
)2〉
, the neglected terms here are of the
order of
(
g2
〈
(Faµν(0))
2
〉
Nm4
)2
, i.e., the expansion goes in powers of the parameter
g2
〈(
F aµν(0)
)2〉
Nm4
. (12)
For N = 3, the expansion therefore breaks down for u, d and s quarks, but holds for c, b and t quarks. Note
also that, as it follows from eq. (11), the range of the Bµν -integration in eq. (9) should have been, rigorously
speaking, reduced to the interval (−1/T, 1/T ) ∼ (−m2,m2). However, the characteristic values of
√
B2µν , being
of the order of O
(√
g2
N
〈(
F aµν(0)
)2〉)
, are smaller than m2, as long as the expansion holds. This fact enables
us to keep in eq. (9) the infinite range of the Bµν -integration with the exponential accuracy.
Taking then into account that
1
(8piC)3

∏
µ<ν
+∞∫
−∞
dBµνe
−
B2µν
8C

∑
α<β
B2αβ = 24C,
we have:
〈
Γ
[
Aaµ
]〉
= − 2NV
3(4pi)2
· 24C
∞∫
Λ−2
dT
T
e−m
2T . (13)
The quark condensate, stemming from this formula by means of eq. (1), reads
〈
ψ¯ψ
〉
= −2NC
pi2m
= −
αs
〈(
F aµν(0)
)2〉
12pim
, (14)
that coincides with the result of ref. [8]. Note that since αs ∼ 1N and
〈(
F aµν(0)
)2〉 ∼ N2, the condensate (14)
grows linearly with N , whereas the parameter (12) is of the order of O (N0).
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Let us now generalize the above-performed analysis to the case of an arbitrary number d ≥ 2 of space-time
dimensions. First, one should take into account that in d dimensions the constant C reads g
2
8N(d2−d)
〈(
F aµν(0)
)2〉
.
Further, the field Bµν has n ≡ d2−d2 nontrivial components 6, and the generalization of eqs. (9)-(11) takes the
form:
〈
Γ
[
Aaµ
]〉 ≃ − 2NV
(8piC)n/2
∞∫
Λ−2
dT
T
e−m
2T
(4piT )d/2

∏
µ<ν
+∞∫
−∞
dBµνe
−
B2µν
8C

 T 2
3
∑
α<β
B2αβ. (15)
Clearly, the symbol “≃” here is implied in the sense of the approximation (11). The latter is controlled by
the parameter (12), which now acquires the factor (d2 − d) in the denominator, so that the accuracy of the
approximation enhances in the large-d case.
Carrying out the Bµν-integration, we arrive at the following generalization of eq. (14)
7:
〈
ψ¯ψ
〉
= − m
d−5
3(4pi)
d
2
−1
αs
〈(
F aµν(0)
)2〉 ∞∫
(m/Λ)2
dtt2−
d
2 e−t. (16)
This expression diverges as ln Λm for d = 6 and as Λ
d−6 for d > 6, while for d < 6 it is finite and reads
〈
ψ¯ψ
〉
= −m
d−5Γ
(
3− d2
)
3(4pi)
d
2
−1
αs
〈(
F aµν(0)
)2〉
(17)
with “Γ” standing for the Gamma-function. In particular, for d = 2, 3 we obtain
〈
ψ¯ψ
〉∣∣
d=2
= −
αs
〈(
F aµν(0)
)2〉
3m3
(18)
and
〈
ψ¯ψ
〉∣∣
d=3
= −
αs
〈(
F aµν(0)
)2〉
12m2
. (19)
3 The case of the linear form of the next-to-1/r term in the short-
distance potential.
In this section, we shall consider the case when the leading next-to-1/r term of the short-distance potential is
linear, rather than quadratic. Equation (7) is then replaced by
〈W (C)〉 ≃ N exp (−σSmin) ≃ N exp
(
−σ
√
1
2
Σ2µν
)
. (20)
According to the lattice data [9],
σ = (1÷ 5)σ∞ (21)
with σ∞ ≃ (440MeV)2 is the standard string tension at large distances. An analytic expression for σ has been
obtained in ref. [10] and reads
6I.e., a half of all the off-diagonal components.
7Note that in d dimensions, [ψ] = m
d−1
2 , while
[
Aaµ
]
= m
d
2
−1, [g] = m2−
d
2 , so that
[
αs
〈(
F aµν(0)
)2〉]
= m4.
6
σ =
3Nαsσ∞
pi
. (22)
For the sake of generality, we shall further work directly in the d-dimensional space-time. Equation (20) can
then be rewritten as follows:
〈W (C)〉 ≃ N
∞∫
0
dλ√
piλ
exp
(
−λ− σ
2Σ2µν
8λ
)
=
= N
∞∫
0
dλ√
piλ
e−λ
(
λ
piσ2
)n/2 ∏
µ<ν
+∞∫
−∞
dBµν exp
(
− λ
σ2
B2µν
) exp(− i
2
BµνΣµν
)
=
=
Γ
(
n+1
2
)
N
pi
n+1
2 σn

∏
µ<ν
+∞∫
−∞
dBµν

 exp (− i2BµνΣµν)(
1 + 12σ2B
2
µν
)n+1
2
. (23)
We are therefore again arriving at the effective action in the constant Abelian field Bµν , and only the weight
of the average over this field is now different from that of eq. (15). Namely, within the approximation (11), we
obtain instead of eq. (15):
〈
Γ
[
Aaµ
]〉 ≃ −2NV Γ
(
n+1
2
)
pi
n+1
2 σn
∞∫
Λ−2
dT
T
e−m
2T
(4piT )d/2

∏
µ<ν
1/T∫
−1/T
dBµν

 1(
1 + 12σ2B
2
µν
)n+1
2
T 2
3
∑
α<β
B2αβ . (24)
Clearly, the symbol “≃” should now be understood in the sense of the smallness of the parameter σ/m2, rather
than the parameter (12). Similarly to the latter, σ/m2 is also small for c, b and t quarks.
The quark condensate, following from eq. (24), reads
〈
ψ¯ψ
〉
= −NΓ
(
n+1
2
)
σ2md−5
3 · 2d−3Γ (n2 )pi d+12
∞∫
(m/Λ)2
dtt2−
d
2 e−t
m2
σt∫
0
dxxn+1
(1 + x2)
n+1
2
, (25)
where x ≡ 1σ
√
B2µν
2 . The dominant contribution to the integral here stems from the region of t around (m/Λ)
2.
For such t’s, the x-integral approximately equals m
2
σt , and we arrive at the following result:
〈
ψ¯ψ
〉∣∣
d=4
= −5Nmσ
(4pi)2
ln
Λ
m
; (26)
at d > 4 the condensate diverges as (Λ/m)d−4, while at d < 4 it is finite and equals to
〈
ψ¯ψ
〉
= −NΓ
(
n+1
2
)
Γ
(
2− d2
)
σmd−3
3 · 2d−3Γ (n2 )pi d+12 . (27)
In particular,
〈
ψ¯ψ
〉∣∣
d=3
= m
〈
ψ¯ψ
〉∣∣
d=2
= −2Nσ
3pi2
. (28)
Let us now discuss the case d = 4. The apparent finiteness of the physical condensate in this case implies
that some physical meaning should be attributed to the cutoff Λ. For usual large-distance QCD strings, the
latter is the inverse string thickness, i.e., the inverse vacuum correlation length, T−1g [7]. It is therefore natural
7
to assume that now Λ should be the inverse thickness of a short string, r−1
⊥
. Let us also introduce the short-
string length L, L = αr⊥, where α ≫ 1. The two possibilities may then occur for the scale of Lmin: either
Lmin = αa, where a = Λ
−1 is the lattice spacing (“very short strings”), or Lmin = O(Tg) (“moderately short
strings”). In the former case, the UV cutoff, r−1
⊥
, is equal to a−1, while in the latter case it equals α
O(Tg)
, that
is much larger than T−1g , but is still much smaller than a
−1. The case of very short strings is therefore ruled
out by the requirement of finiteness of the heavy-quark condensate, while moderately short strings may exist.
The linear potential is therefore not developed at very short distances. In another words, this means that the
tachyonic gluon mass vanishes, and the perturbative OPE remains valid in the UV region.
Note that in QCD, to the leading order in the parameter of the strong-coupling expansion, βsc = 2N/g
2, the
string tension is known to be N -independent. Nemely, σ∞ =
1
a2 ln
2N2
βsc
= 1a2 lnλ, where λ = g
2N is the ’t Hooft
coupling 8. Therefore, as it follows from eqs. (21) and (22), to the leading order in βsc, σ is N -independent as
well, and the expressions (26), (28) grow linearly with N in the same way as the expressions (14), (18), (19).
4 Finite-temperature generalizations in four dimensions.
In this section, we shall generalize the above-obtained 4d-results (14) and (26) 9 to the case of finite temper-
ature 10. In the case of eq. (14), the main ingredient necessary for such a generalization is the formula which
properly accounts for the antiperiodic boundary conditions for quarks, one should take care of in the course of
integration over them at finite temperature. Such a formula has been derived in ref. [14], where it has been
shown that at finite temperature, the (zero-temperature) heat kernel for fermions becomes multiplied by the
factor
1 + 2
∞∑
n=1
(−1)ne− β
2n2
4T , (29)
where n labels the Matsubara mode. We therefore obtain from eq. (13):
〈
ψ¯ψ
〉
= − 2N
3(4pi)2
· 24C
(
− ∂
∂m
) ∞∫
Λ−2
dT
T
e−m
2T
[
1 + 2
∞∑
n=1
(−1)ne−β
2n2
4T
]
=
=
〈
ψ¯ψ
〉
0
[
1 + 2βm
∞∑
n=1
(−1)nnK1(βmn)
]
, (30)
where Kν’s from now on stand for the modified Bessel functions, and
〈
ψ¯ψ
〉
0
is given by eq. (14) with the
temperature-dependent gluonic condensate. The latter is known to experience a drop by a factor of the order
2 at the deconfinement temperature, Tc, due to the evaporation of the chromoelectric condensate [15]. For c,
b and t quarks under discussion, the QCD deconfinement temperature is much smaller than the quark mass,
i.e., βm ≫ 1. Within this inequality, only the first Matsubara mode yields a sufficient contribution to the
sum in eq. (30), whereas all higher modes may be disregarded. In this case, we obtain the following leading
(exponentially small) correction to the heavy-quark condensate:
〈
ψ¯ψ
〉 ≃ 〈ψ¯ψ〉
0
(
1−
√
2piβme−βm
)
. (31)
8The N-independence of σ∞ stems also from the natural conjecture that the linear term in the large-distance quark-antiquark
potential should have the same N-dependence as the Coulomb term, that is VCoul(r) = −
g2
4pir
N2−1
2N
= O
(
N0
)
.
9In the latter case, as it has been discussed above, it is implied that Λ is attributed the physical meaning of the inverse short-string
thickness.
10It should not be confused with the proper time! To avoid possible confusions, we shall frequently use below the inverse
temperature, β.
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When the temperature T is larger than the temperature of dimensional reduction in QCD, Td.r., the theory
becomes three-dimensional. Consequently, eqs. (30), (31) are no more valid, and the derivation should rather
be based on eq. (16) at d = 3. Using eq. (29) and performing the proper-time integration, we obtain instead of
eq. (30):
〈
ψ¯ψ
〉
=
〈
ψ¯ψ
〉
0
[
1 +
(2βm)3/2√
pi
∞∑
n=1
(−1)nn3/2K3/2(βmn)
]
,
where
〈
ψ¯ψ
〉
0
is given by eq. (19) 11. Since Td.r. does not exceed 2Tc [16], for c, b, and t quarks under discussion
a rather broad range of temperatures above Td.r. exists, in which βm ≫ 1. For such temperatures, we obtain
instead of eq. (31):
〈
ψ¯ψ
〉 ≃ 〈ψ¯ψ〉
0
(
1− 2βme−βm) ,
where
〈
ψ¯ψ
〉
0
is again given by eq. (19).
Let us now consider the finite-temperature generalization of eq. (26). Note that in this case, since r⊥ grows
with the temperature, one may substitute r⊥ for Λ
−1 only for such temperatures, at which the inequality
mr⊥(T ) ≪ 1 holds. For the sake of generality, let us assume that this is true up to temperatures larger than
Td.r.. Then, at T < Tc, the direct combination of eq. (25) (at d = 4) with eq. (29) yields
〈
ψ¯ψ
〉
=
〈
ψ¯ψ
〉
0
[
1 +
2
ln Λm
∞∑
n=1
(−1)nK0(βmn)
]
≃ 〈ψ¯ψ〉
0
(
1−
√
2pi
βm
e−βm
ln Λm
)
, (32)
where
〈
ψ¯ψ
〉
0
is given by eq. (26). At T > Tc, only the spatial part of the string tension, σs, does not vanish,
and the Wilson loop reads [cf. eqs. (20), (23)]:
〈W (C)〉 ≃ N exp
[
−σs
√
Σ212 +Σ
2
13 +Σ
2
23
]
=
N
pi2σ3s

∏
µ<ν
+∞∫
−∞
dBµν

 exp (− i2BµνΣµν)(
1 + 12σ2s
B2µν
)2 . (33)
One should further distinguish the cases T ∈ [Tc, Td.r.] and T > Td.r.. In the former, although Bµν in eq. (33)
is a 3× 3-matrix, the theory is still four-dimensional, and one should therefore substitute d = 4 into the factor
(4piT )−d/2 of the Euler-Heisenberg-Schwinger formula on the r.h.s. of eq. (24). This yields
〈
ψ¯ψ
〉
= −2Nmσs
3pi3
ln
Λ
m
[
1 +
2
ln Λm
∞∑
n=1
(−1)nK0(βmn)
]
≃ −2Nmσs
3pi3
ln
Λ
m
(
1−
√
2pi
βm
e−βm
ln Λm
)
.
The difference of the overall factor 2Nmσs3pi3 in this expression from the factor
5Nmσ
(4pi)2 of eq. (32) is clearly due to
the fact that the temporal part of the Wilson loop vanishes when one passes from T < Tc to T > Tc. Note that,
naively, one could have expected at T = Tc+0 the factor
5Nmσs
(4pi)2 , that turned out not to be the case. However,
the numerical difference of the two factors is small, since 23pi ≃ 0.21, while 516 ≃ 0.31. Finally, at T > Td.r., the
theory becomes fully three-dimensional, and we obtain from eq. (25) at d = 3 [combined with eq. (29)]
〈
ψ¯ψ
〉
=
〈
ψ¯ψ
〉
0
[
1 + 2
√
2βm
pi
∞∑
n=1
(−1)n√nK1/2(βmn)
]
≃ 〈ψ¯ψ〉
0
(
1− 2e−βm) .
Here,
〈
ψ¯ψ
〉
0
is given by eq. (28) with the substitution σ → σs.
11Clearly, at such temperatures, the gluonic condensate in eq. (19) is purely chromomagnetic.
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5 Summary.
In the present letter, we have applied the world-line formalism to a derivation of the heavy-quark condensate
in QCD. The main idea implemented is that, due to the fact that the heavy-quark trajectories are quite small,
the respective Wilson loop can be expressed in terms of the so-called tensor area. The resulting path-integral
then reduces to the one in an auxiliary constant Abelian field, that is a famous Euler-Heisenberg-Schwinger
Lagrangian. This auxiliary field should then be averaged over with a weight prescribed by the form of the
short-distance quark-antiquark potential. Such an approximation of the Wilson loop by a function of the tensor
area has been first successfully tested in section 2. There, the quadratic form of the next-to-1/r term of the
potential, which follows from the VCM, has been adopted, and as a result the QCD-sum-rules expression for
the heavy-quark condensate in four dimensions has been reproduced. This result has further readily been
generalized to the case of an arbitrary number d ≥ 2 of space-time dimensions. (In particular, it has been found
that at d ≥ 6, the condensate is UV divergent.) Being encouraged with this successful test, we have proceeded
in section 3 with another tensor-area-based Ansatz for a small Wilson loop, namely the one which produces the
linear short-distance potential. Surprisingly, we have found that in this case the condensate is explicitly UV
finite only at d < 4, whereas at d = 4 it is (logarithmically) divergent. We have further argued that the problem
of this divergency can be bypassed (by attributing to the UV cutoff the physical meaning of the inverse string
thickness) only provided very short strings (of a length comparable with the lattice spacing) are forbidden. This
means that the tachyonic gluon mass, which produces the short-distance linear potential, should vanish in the
UV region, and the perturbative OPE should remain valid in this region. Such a conclusion coincides with the
one of ref. [11], where it has been drawn from the direct evaluation of the tachyonic gluon mass.
We have also demonstrated that the N -dependence of the condensate corresponding to the linear form
of the next-to-1/r term in the short-distance potential is the same as the one of the standard condensate
corresponding to the quadratic term, namely both condensates grow linearly with N . We have further studied
the finite-temperature behaviors of both condensates. Specifically, it turned out that for heavy (i.e., c, b, and t)
quarks under study, accounting for antiperiodic boundary conditions for fermions leads to corrections, which are
exponentially small in the parameter βm (both below the temperature of dimensional reduction and in the broad
range of temperatures above it). As for the leading term, in the case of quadratic short-distance potential it is
given by the corresponding 4d- and 3d-expressions below and above the temperature of dimensional reduction,
respectively, with the gluonic condensate saturated above the deconfinement temperature by its chromomagnetic
part only. In the case of the linear potential, the whole analysis is legitimate only within such temperatures,
at which the short-string thickness, which grows with the temperature, remains much smaller than the inverse
quark mass. Assuming the general case when this is true up to temperatures higher than the temperature
of dimensional reduction, we have demonstrated that the leading term of the quark condensate is different
in the region between the deconfinement temperature and the temperature of dimensional reduction, and in
the region of temperatures higher than the temperature of dimensional reduction. Namely, while in the latter
region this term is merely the zero-temperature 3d-result with the full string tension replaced by the spatial
one, in the former region the result is completely novel. That is because in this region the theory is still four-
dimensional, but the quark Wilson loop is that of the 3d-theory (since only the spatial string tension survives
the deconfinement phase transition). As a consequence, only the parametric dependence of the respective result
on N , m, and σs is the same as that of the zero-temperature 4d-one (with the spatial string tension replaced
by the full one), while the numerical factors of the two results are different, albeit close to each other.
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